Abstract. We construct a Frobenius algebra structure on the Hochschild cochains of a group ring k[G] that extends the known structure of a 1, 2 topological quantum field theory on
Introduction
In this paper we investigate how Hochschild cochains become a differential graded homotopy commutative Frobenius algebra and thus a target for a 1, 2 topological quantum field theory [1] from the category of oriented compact one-manifolds with cobordims as morphisms to the category of (co)chain complexes and (co)chain maps (up to chain homotopy). Since the direct sum of the Hochschild cochains (over all dimensions) remains an infinite dimensional vector space, the finite dimensionality axiom of a TQFT is not satisfied, although the cochain complex remains a Frobenius algebra in the category of differential graded algebras. Specifically, let k be a field and G a finite group. The Hochschild cochains on k[G] carry a product structure given by the Gerstenhaber product, defined on Hochschild's original cochain complex
We transport this product to the b * cochain complex
⊗( * +1) , k), b * via a duality pairing k[G] ⊗ k[G] → k for group rings. On the b * cochain complex the Gerstenhaber product becomes an extension of the convolution product known to exist on the TQFT offered by HH 0 (k[G]; k[G]) [9] . The main point of using the b * cochain complex, however, is that there is a "Gerstenhaber coproduct" on the chain complex for Hochschild homology, computed via the b-boundary map. Let C n = k [G] ⊗(n+1) and C * = n≥0 C n , b be the chain complex for Hochschild homology. We define a chain map T : C * → C * ⊗ C * that is dual to the Gerstenhaber product
where W n = Hom k (C n , k). Moreover, we define a pairing :
which establishes that W * is a Frobenius algebra, although commutative only up to homotopy. Behind the Hochschild homology of the group ring k[G] is the simplicial set N cy * (G), the cyclic bar construction of G [5, 7.3 .10], with geometric realization |N
where S 1 denotes the unit circle and BG is the classifying space of G. Recall that N cy n (G) = G n+1 and there is a subsimplicial set of N cy * (G) given by
with |N cy * (G, e)| ≃ BG, which realizes constant maps of S 1 into BG (the S 1 -fixed points of Maps(S 1 , BG)). Within the Hochschild complex
⊗(n+1) , k) we define cochains supported on BG as elements α ∈ W n with α(g 0 , g 1 , . . . , g n ) = 0 whenever g 0 g 1 . . . g n = e. These cochains form a differential graded subcomplex of W * , closed under the Gerstenhaber product, and thus a subalgebra. Moreover, for cochains supported on BG, the Gerstenhaber product agrees with the simplicial cup product, and Gerstenhaber's pre-Lie product agrees with Steenrod's cup-one product. This establishes that the cochain complex for group cohomology, under the simplicial cup product, is a homotopy commutative subalgebra of W * under the Gerstenhaber product.
Recall that b :
is given by the commutator b(g 0 , g 1 ) = g 0 g 1 − g 1 g 0 , and
carries the structure of a 1, 2 TQFT, at least when G is finite and k a field [9] . For α, β ∈ H, the product is given by the convolution product α * β,
The duality pairing , :
We show how each of the above, the convolution product, the coproduct and the pairing can be extended to the full Hochschild cochain complex. Although the resulting Frobenius algebra structure is stated for finite groups, many constructions work for infinite groups and we work with an arbitrary discrete group where possible.
Hochschild Cohomology
Let k be a unital, commutative and associative coefficient ring and let A be an associative algebra over k. Recall that Hochschild's original definition [3, 4] for HH * (A; A), the Hochschild cohomology of A with coefficients in the bimodule A is given as the homology of the cochain complex:
Of course, for n = 0, (δf )(
is given by
Gerstenhaber proves that f · G g induces a graded commutative product on
On the other hand, the Hochschild homology groups [7, X.4 ] HH * (A; A) are given by the homology of the chain complex
n (a n a 0 , , a 1 , . . . , a n ).
By (HH * (A), b * ) we mean the homology of the Hom k -dual of the b-complex, given by
Then extend , to be linear in each factor, which results in a k-linear map on the tensor product , :
There is an injective cochain map [6, Lemma 2.1]
given by
When G is finite, Φ n is an isomorphism of cochain complexes, and in general for any discrete group G the induced map
is injective. Note that when G is finite or when k is a field and
are finite dimensional vector spaces, then Φ is an isomorphism on cohomology (modules or vector spaces). For G an arbitrary group and k an arbitrary unital commutative coefficient ring, we adopt the following notations for elements of Hom
is a free k-module with basis given by the elements of G.
denote the k-linear map determined by
Under this notation,
. We now define the Gerstenhaber product on the complex I * .
Lemma 2.2. The Gerstenhaber product is well-defined on (HH * (I * ), b * ), the Hochschild cohomology of the I * complex.
Proof. With α and β as in Definition (2.1),
Proof.
We now prove that the Gerstenhaber product on I * is an extension of the convolution product.
Lemma 2.4. Let α ∈ I p and β ∈ I q be arbitrary. Then
. . , g p+q ).
Proof. First note that for fixed g 1 , g 2 , . . ., g p ∈ G, α(h, g 1 , . . . , g p ) is nonzero on only finitely many h ∈ G (see below). A similar statement holds for β(g 0 h −1 , g p+1 , . . . , g p+q ). Thus the sum
is well-defined, even when G is an infinite group.
, where c i ∈ k and µ i are distinct elements of G. Also, f 2 (g p+1 , . . . , g p+q ) = m j=1 ℓ j λ j , where ℓ j ∈ k and λ j are distinct elements of G. From our definition of the Gerstenhaber product,
From the proposed formula,
. . , g p+q ) = c i ℓ j .
. . , g p+q ) = 0 and
. . , g p+q ) = 0.
, k) with α(h) = 0 for only finitely many h ∈ G is called finitely supported.
, k) finitely supported, the Gerstenhaber product is given by the convolution product, i.e.,
The unit u ∈ Hom k (k[G], k) for the Gerstenhaber product on I q , q ≥ 0, is given by
The Gerstenhaber Coproduct
In this section we show that the Frobenius coproduct on a group ring can be extended to a coproduct on the chain complex for Hochschild that becomes essentially a "Gerstenhaber coproduct." The results are most easily stated for a finite group G, although can be extended to infinite groups by using coefficients in a p-adic completionQ p . For G finite, let
be the k-linear map with T (g 0 ) = h∈G h ⊗ g 0 h −1 , where g 0 ∈ G. Then T is often called the Frobenius coproduct. We refrain from using ∆ for the Gerstenhaber coproduct, since ∆ denotes the simplicial coproduct.
Let 
. . , n, are given by:
Let C * ⊗ C * denote the tensor product of chain complexes, i.e.,
is a map of chain complexes, i.e.,
Proof. To illustrate the combinatorial arguments over group rings, we provide the calculations for m = 1.
We have µ∈G µg
For general m, we have
. . , g m ).
Of course, d 0 : G → {0} is the zero map. Note that
. . , g m ) cancels with
After rearranging terms, we have
The other terms are seen to be equal on the nose.
Thus, there is an induced map T * :
⊗n+1 → k is given by τ (σ) = 0, n ≥ 1, and for
where c e is the coefficient on the identity element e ∈ G. Then
In the sense of equation (3.1), T is a coproduct for the Gerstenhaber product.
A Frobenius Algebra on Cochains
In this section we work with a finite group G and a field k. We claim that the
The chain homotopy between α · G β and (−1) pq β · G α is, of course, given by Gerstenhaber's pre-Lie product [2] . For α ∈ W p and β ∈ W q , the pairing , :
Lemma 4.1. For α ∈ W p , β ∈ W q and γ ∈ W r , we have
Proof. Note that
. . , g p+q+r ).
Also,
Setting µ = ℓ and h = λµ, we see that
Proof. Let α ∈ W p and suppose that α, β = 0 for all β ∈ W * . For fixed
. . , h p ) = 1 and for
Since this holds for each (h 0 , h 1 , . . . , h p ) ∈ G p+1 , it follows that α = 0.
Thus, under the inner product , the duality isomorphism D :
. . , g n ) * * , and the latter can be canonically identified with (g
. . , g n ). This induces a particular isomorphism
Corollary 4.3. The cochain complex (W * , b * ) is a differential graded homotopy commutative Frobenius algebra under the Gerstenhaber product and pairing , defined above.
Then N cy (G, e) is a subsimplicial set of N cy (G) with geometric realization |N cy * (G, e)| ≃ BG, the classifying space of G. We say that
. . , g n ) = 0 for g 0 g 1 . . . g n = e. A direct calculation of the b * coboundary map shows that cocycles supported on BG form a subcomplex of the Hochschild complex (W * , b * ). In symbols, let Proof. Let α ∈ W p (e) and β ∈ W q (e). Suppose, by linearity, that α is a single summand, i.e.,
Also, suppose that
Then by Lemma (2.3), we have
Since N cy * (G) is a simplicial set, the cochain complex W * is endowed with a second product, the simplicial cup product, α · S β. In particular, for α ∈ W p and β ∈ W q , the simplicial product α · S β ∈ W p+q is given by
which is α evaluated on the front p-face and β evaluated on the back q-face of σ = (g 0 , . . . , g p+q ). When restricted to W * (e), the product α · S β realizes the usual cup product on the cochain complex for group cohomology, H * (BG; k).
Lemma 4.5. On the differential graded subalgebra W * (e), the Gerstenhaber product is identical to the simplicial cup product, i.e., for α ∈ W p and β ∈ W q , we have α ·
Proof. This follows from Lemma 3.10 of [6] .
Moreover, W * (e) under the Gerstenhaber product is isomporphic to W * (e) under the simplicial product as differential graded homotopy commutative algebras. For α ∈ W P and β ∈ W q , let α • β ∈ W p+q−1 denote the pre-Lie product of Gerstenhaber [2] , which is a cochain homotopy between α · Proof. The proof follows from Theorem 3.11 and Corollary 3.12 of [6] .
We now show that the simplicial coproduct ∆ : C * → C * ⊗ C * agrees with the Gerstenhaber coproduct T : C * → C * ⊗ C * when restricted to the subsimplicial complex k[N (g p+1 g p+2 . . . g m g 0 , g 1 , g 2 , . . . , g p ) ⊗ (g 0 g 1 . . . g p , g p+1 , . . . , g m ).
Since g 0 g 1 . . . g m = e, it follows that (g 1 g 2 . . . g p ) −1 = g p+1 g p+2 . . . g m g 0 .
